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Abstract 

We propose a lattice model for two-dimensional SU (N) J\f = (2, 2) super Yang-Mills 
model. We start from the CKKU model for this system, which is valid only for U(N) 
gauge group. We give a reduction of (7(1) part keeping a part of supersymmetry. In 
order to suppress artifact vacua, we use an admissibility condition. 
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1 Introduction 



Supersymmetric gauge theories play an important role in both phenomenological and purely 
theoretical aspects. It is very natural to try to find a way to define supersymmetric theories 
nonperturbatively: a lattice regularization is a nice candidate. There have been proposed 
several approaches to the lattice regularization of supersymmetric Yang-Mills theories in 
the past decade (For reviews see [H [2], for example). Most of them possess at least one 
exact supertransformation, which has an interpretation of a scalar supercharge in terms of 
topological twist. The supersymmetry (SUSY) algebra contains infinitesimal translations 
but the lattice allows only finite translations: the SUSY algebra needs to be represented 
by the finite translation. The (full) SUSY is broken at the finite lattice spacing, without 
introducing non-standard properties such as non- locality [3j |4] 

In two dimensions the above mentioned exact scalar symmetry is strong enough to guar- 
antee a restoration of full supersymmetry without fine tuning |8j, which was explicitly 
checked in Monte Carlo simulations [5] for a model by Sugino (THj. In one dimension, a 
non-lattice approach without any exact supersymmetry at finite cutoff provides fine tuning 
free regularization pTj. Other fine tuning free lattice/non-lattice models for gauge theories 
are found in [HI US El [13 [IS] . 

It is interesting to note that some of the known lattice formulations treat fermions as link 
variables. Since the gauge fields are treated as link variables on the lattice, it is quite natural 
to introduce fermions on links as superpartner of bosonic link variables. Here we focus on a 
2-dimensional Af = (2, 2) system, which is the well studied system on the lattice. A Model 
proposed in |17j (CKKU model) was derived from a matrix model by using orbifolding, 
which naturally gives fermionic link variables. A geometrical approach [TB] also uses link 
fermions. In |19j . the present author together with his collaborators tried to introduce 
supercharges on links as well (link approach). The link approach originally intended to 
keep the full exact supersymmetry on the lattice at finite lattice spacing, but was turned 
out to be equivalent to the CKKU model 20j. On the other hand, a model proposed by 
Sugino (Sugino model), which also keeps the exact scalar supercharge, treat the fermion 
as site variables [HI [TUJ [22] . Both the CKKU model and the Sugino model describe the 
same target system in the continuum limit. In fact, both models give the same numerical 
results [23]. See (Ml [221 [23 [2Sj for other approaches to this system and relation among 
the formulations, and |27j [28] for recent numerical studies. Note that this system is a 
2-dimensional cousin of 4-dimensional TV = 4 system in terms of Dirac-Kahlcr twist |29j [30] . 

There are two types of topological twist in 2-dimensional Af = (2, 2) systems and CKKU 
and Sugino models use different ones. They are called A-model twist and B-model twist. A- 
model twist combines the spacetime rotation and the internal U{l)v rotation. B-model uses 
the internal U{1)a instead of U{l)v- CKKU model uses B-model twist and Sugino model 
uses A-model twist. We list further differences between the two formulations in Table [Tj 





Sugino 


CKKU 


twist 


A-model 


B-model 


fermion 


site 


link 


gauge group 


U{N) or SUiN) 


U{N) only 


admissibility 


needed 


no need 



Table 1: Comparison of the Sugino model and the CKKU model. 

^ In low dimensional non-gauge systems, regularizations through momentum space can give exact full 
SUSY at finite cutoff, of the price of non-locality local in the infinite cutoff limit 5, . Different models with 
non-locality are found in (6] [7]. 
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In pure U{N) super Yang-Mills theory without any matter multiplets, the U{1) part 
of the gauge group is decoupled from the other part of the dynamics. However, in the 
CKKU model, due to the lattice artifacts the decoupling is not complete at finite lattice 
spacing. The CKKU model allows only U{N) gauge group by construction and in fact a 
naive reduction to SU{N) by hand does not work (see Sec.[3l). The coupling with the U{1) 
part may cause a fake sign problem as well |23) . Another, and more crucial problem of 
the U{1) part of CKKU model is a stability of the U{1) part of the scalar field. Because 
its expectation value gives the lattice spacing, the stability is quite important. An early 
analysis on this issue is found in [3T]. In Monte Carlo simulations, an ad hoc treatment 
might be needed to stabilize it. One practical way is to introduce a mass term specific to 
the t/(l) part [23] ■ On the other hand, the Sugino model with SU{N) gauge group is free 
from these problems. The cost we have to pay for the Sugino model is an admissibility 
condition, which is needed to suppress unphysical artifact vacua. The action is thus more 
complicated than that of CKKU model and an implementation of the model for numerical 
simulation becomes more complicated as well. 

Motivated by the simpler implementation but the rather complicated treatment of U{1) 
part of the CKKU model, in this paper, we propose an SU (N) version of CKKU model. 
As we will describe, the obtained model is rather close to the Sugino model. Because link 
fermions require U{N) gauge group, we need to use site fermions. In order to suppress 
artifact vacua we need the admissibility conditions as well. Unfortunately, because of the 
admissibility condition, the action becomes complicated. 

In the next section we give a brief review of the CKKU model which uses U{N) gauge 
group. Then we reduce the gauge group to SU{N) in Sec. [3] The (classical) vacuum 
structure is analyzed in Sec. SI which is needed for the admissibility condition. Sec. \S\ 
contains conclusions and discussions. 



2 A Brief Review of the U{N) Model 

In this section we give a brief review of the lattice model introduced in [T7] and settle the 
notations. The target system is 2-dimensional Af = (2, 2) super Yang-Mills theory. We do 
not follow the original derivation with orbifolding and deconstruction but put emphasis on 
the nilpotent Q-symmetry. 

We denote complex boson fields, which are made of gauge fields and scalar fields, as 
and U^{= Uj^). We set all fields dimensionlessH They live on links and their gauge 



transformations are 



U^{n)-^G{n)U^{n)G-\n + fL), (2.1) 



where G{n) is a group element of the gauge group, n is a lattice site, and /i is a unit vector in 
/x-th direction. A bosonic auxiliary field d is assigned to sites so transforms as site variable: 

d{n) G{n)d{n)G-\n). (2.2) 



■^Relations to the original notation in [17^ are the following, where a is the lattice spacing: 

bosons = V2a{xcKKV,yCKKv) 

aux. field d = a^dcKKU 

fermions a,(5,X,£, = at (acKKU, /9cKKU, Aqkku , 5cKKu) 

1 

scalar super trans. Q = QcKKU 
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Figure 1: Fields on the lattice for the CKKU model: fermions (left) and bosons (right). 



Fermions a, /3, ^ are also assigned to links and A is to sites, so the gauge transformation 
reads: 



a{n) ^ G{n)a{n)G ^(n + i), 
/3(n) ^ G{n)P{n)G-^{n + 2), 
i{n)'^G{n + i + 2)i{n)G-\n), 
\{n) G{n)X{n)G-^{n). 



(2.3) 
(2.4) 
(2.5) 
(2.6) 



See Fig. [T] In terms of topological twist they are in the twisted basis: a and (3 make a 2- 
dimensional vector, ^ is an anti-symmetric tensor (i.e., a pseudo scalar in two dimensions), 
and A is a scalar. 

They transform under a fermionic transformation Q, which is a scalar part of the twisted 
supersymmetry, in the following way: 



QUi{n) 
QU2{n) 
QUi{n) 

Q\{n) 



2a{n), Qa{n) = 0, 
2/3(n), g/3(n)=0, 
QU2{n)=Q, 

-i(z7i(n - i)Wi(n - i)-Ui{n)Ui{n) 

+ U2{n- 2)U2 {n-2)- U2 {n) U2 («) 
1 



(2.7) 
(2.8) 
(2.9) 



id{n) 



{[Ui,Ui]'{n,n) + [U2,ll2]'{n,n)) -id{n), 



(2.10) 



Qd{n) = i (Z7i(n- i)a(n - 1) - a(n)Z7i(n)) + i {U2{n ^ 2)f3{n - 2) ^ (3 {n)^ 2(11)) 

= I {[Ui,a]'{n,n) + [U2, P]' {n,n)) , (2.11) 

QS,{n) = Ui{n + 2)U2{n) - U2{n+l)Ui{n) 

= [Z7i, Z72]'(n + i + 2,n). (2.12) 

Here we have introduced a shifted commutator 

[A, B]'{n, m) = A{n, n + aA)B{n + a^, m) — B{n^ n + aB)A{n + as, in), (2-13) 

where n + aA + as = ™ and the locations of A and B are shifted to keep the gauge covariance 
(see Fig. [2]). Their gauge transformations are 

A{n, ua) G{n)A{n, ha )G~\nA), B{n,nB) ^G{n)B{n,nB)G-\nB), (2.14) 
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n + 1 + 2 
A 



Ui{n + 2) n + i + 2 



U2{n + i) 



U2{n) 



Figure 2: A shifted commutator pi,U2\' {n,n + i + 2) ^Ui{n)U2{n +1) -U2{n)Ui{n + 2) 



respectively. The argument (n, m) refers to the starting and end point of the Unk and the 
shifted commutator transforms as 



[A,B]'(n,m) -> G{n)[A,B]' {n,m)G-^{m). 

It is easy to check that the above Q-transformation is nilpotent [Q^ = 0). 
The action is given in a Q-exact form: 

Su(N) = Q^U(N) 

with preaction 

^U(N) = Ac^tr[-iA(n){[Z7i,Wi]'(n,n) + [Z72,W2]'(n,n) -2id(n)} 



--i{n)[UiM2]'{n,n + l + 2.) 



(2.15) 



(2.16) 



«^tr[iA(n)(QA(n))t + i^(n)(Q^(n))t 



(2.17) 



Because of the nilpotency, the invariance under the Q-transformation is manifest. Note that 
from the last expression the bosonic part of the action is positive (semi-)definite. The overall 
factor K is given a^ 

IN , , 

where g is a dimensionful gauge coupling, A — jN is a 't Hooft coupling, and a is the 
lattice spacing. Eq. (|2.16l) reproduces a continuum action with fermion in a twisted basis: 



-Scont. = ^ / d'xX.T 



1=1.2 



XDia - \D2i3 + iDiP - ^D2a + A[si , a] + A[s2, /3] + ^[si , P] - ^[s2,a] 



where we have expanded the bosonic link variables as 



(2.19) 
(2.20) 



Here we use a normalization tr(T''T'') = 5°-^ for the generators of gauge group. 
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and rescaled the dimensionless lattice fields d — >■ a'^d and (a, /3, A, ^) {a^a^a^ l3,a^ X,a^^). 
The covariant derivative is = + i[A^, ■] and the curvature is = — D^]. The 



continuum Q-transformation is the following: 

QAi = -ia, Qa = 0, (2.21) 

QA2 - -ip, Qp = 0, (2.22) 

Qsi = a, Qs2 = /3, (2.23) 

D1S1+ D232 -id, (2.24) 



Qd= -z[Di,a] -2[Z?2,/?] +i[si,a] +i[s2,/3], (2.25) 

QS. = «i^l2 + [Sl, S2] - 13152 + £"231. (2.26) 

The continuum action and Q-transformation are valid for both U{N) and SU{N) gauge 
group. 

3 Reduction to SU{N) 

A naive reduction of the gauge group from U{N) to SU{N) does not work because of the 
following argument. We assume that fermions are algebra valued. Consider a fermion a{n), 
which should be traceless in the SU{N) case. However, since its gauge transformation is 

a{n) G{n)a{n)G{n + (3.1) 

it is no longer in general traceless after the transformation. For the bosonic link fields it is 
not the case if we identify it using the exponential functior0 

Uf, = exp(mA^ + as^), (3.2) 

where A^^ and are the traceless Hermitian gauge field and the scalar, respectivelylfl Be- 
cause of the traceless exponent the determinant of is unity. Since the determinant of the 
gauge transformation G{n) is unity, it does not change the determinant oiUfj_ (see the gauge 
transformation (|2.ip ). In other words, a natural expansion for the bosonic link fields for 
SU{N) is not a linear one but the exponential. Note that in the leading order in a, (|3.2p 
agrees with the linear parameterization iY^ = 1 + iaA^^ + as^ but cannot keep the traceless 
property of A^^ and under the gauge transformation. 

Therefore we define fermions on sites in order to keep the traceless nature. We decompose 
the link fermion into a product of a site fermion and a link boson (see Fig. [3]). First, we 
decompose a(n) and /3{n) into 

a{n) = ain)Uiin), /3(n) = /3(n)Zi2(n), (3.3) 

where the hat (") fields are defined on the site and can be expanded in the SU{N) algebra: 
a{n) = J2 T^&^in), /3(n) = ^ T-^^ (n). (3.4) 

a a 

Their gauge transformation is 

a{n) ^ G{n)a{n)G-^{n), ^{n) G{n)P{n)G-^ {n), (3.5) 

* We use the same as in the U{N) case but all hereafter are for the SU{N). 

^ A different type of exponential parameterization = Hf^Uf^ was proposed in 1321 , where is a 
positive hermitian matrix and Ufj, is a unitary matrix. This is equivalent to parameterize = e'^^f' e'"'^'^ . 
^ See |33| for a comparison of the linear and exponential parameterization in the U(N) system. 
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Figure 3: The link fermions (left) are decomposed into site fermions and link bosons (right). 

which is consistent with the transformation for a, j3 and U^. From the Q-transformations 
for a and (5, we obtain the Q-transformations for the hatted fields: 

Qa{n) = 2d(n)d(n), 0/3(n) = 2/3(n)/3(n). (3.6) 

After the Q-transformation they are still traceless, because of the fermionic nature, 

a{n)a{n) = ^61" (n)d^ (n)r»T^ = ^01'' {n)a^ (n) ^ [T« , T^] , (3.7) 

a, 6 a, 6 

and the commutator of SU{N) generators [T^jT*"] being traceless. The nilpotency Q^d = 

= follows from the fermionic nature of Q: Q^a = 2(Qa)a — 2a{Qa) = 0, for example. 
We also introduce A, a traceless part of the scalar fermion A. In order to keep it traceless, 
the Q-transformation should be 

QKn) = -\ {[Wi,Wi]'(n,n) + [U2M2]' {n,n)}^ ^ - id{n), (3.8) 

where we have also introduced a traceless auxiliary field d and t.l. refers to a traceless part 

{A),,.^A-^tv{A). (3.9) 

Note that the shifted commutator [ • , ■ ]' is not traceless. The gauge transformation for A 
and d is a one for site variables: 

A(n) -s- G(n)A(n)G-^(n), d{n) G{n)d{n)G-\n). (3.10) 

The Q-transformation of the auxiliary field d is obtained by requiring the nilpotency for 
Q^A = 0: 

Qd(n)=i{[Z7i,dZ^i]'(n,n) + [Z72,M]'(n,n)}^^ . (3.11) 

Here we used the same transformation for ZY^ as in the U{N) case, QU^ = 0. We can show 

Q^d = as well. 

The treatment of the diagonal-link fermion ^ is non-trivial, because there is no diagonal- 
link boson. We define the traceless site fermion ^ and a diagonal link boson T> as 

^{n) = V{n)i{n). (3.12) 
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Here we assume that 2? is a function of thus QV = 0. The gauge transformation for 
these fields is 

V{n) G{n + l + 2)V{n)G{n)-^, ^{n) G{n)i{n)G{n)-^ . (3.13) 

From eq. (|2.12p we define the traceless Q transformation of ^ as 

Qi{n) = {P(n)-i[Z7i,Z72]'(n + i + 2,n)}^j 

= -i{Vin)-^y,2{n)}^,, (3.14) 

where we have introduced 

i^i2(n) = [Z^i,Z^2]'(n,ri+i + 2), iJi2(n) = Z72]'(n + 1 + 2, n). (3.15) 

In obtaining the action, we keep its Q-exact structure. It seems that it is just a rewriting 
of the preaction (I2.17P in terms of site fermions. As we will see later, this is not a case with 
^, however. 

The first term in (|2.17p becomes 



A 



(1) 

SU(N) 



(3.16) 



and the contribution to the bosonic part of the action is 



S 



(1) 

SU{N) 



— Q^SU{N) 

= KY,[ltT\{[Ui,Ui]'in,n) + [U2,U2]'{n,n)} 



(3.17) 



One solution which gives the minimum of this term is unitary Uf^ and (= UjJ, With 
the parameterization in eq. p.2p . the scalar fields are vanishing in this solution. Setting 
gauge fields zero and scalars constant, we also find another solutions, which is consistent 
with the fact that this term is a part of kinetic term of the scalar fields. 

The second term of the preaction A requires some care. The first candidate of a SU{N) 
version is just a replacement of ^ with in eq. (j2.17p : 



4u(N) = ^J2^r[l'^in)Vin)iin){Qiin))^ 



(3.18) 



where V — V and we have used QV — 0. The bosonic action from this term is 



c.'(2) 
''S(7(7V) 



Bosonic 



SU{N) 



Bosonic 



i tr [V{n)V{n) {V{n)-^F,2{n)] ^ , {F,2{n)V{n)-^] 



t.i.. 



(3.19) 



J-i2T> ^ should be a function of the plaquette made of and ^ (but does not contain 
Uf^ or 14^ ). For simplicity, let us set the scalar fields to zero which gives a unitary 
plaquette. If the value of the plaquette belongs to a center of the gauge group, exp(2^fc) (fc = 
0, 1, . . . , iV — 1), its traceless part is always zero and gives a minimum of the action. Each of 
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the plaquettes can have an arbitrary value in the center so the vacuum is highly degenerated. 
This is exactly the same situation found in a very first version of Sugino model [H]. The 
other part of the bosonic action (I3.17P does not help to resolve this degeneracy. 

In order to suppress the extra vacua, according to [TU], we make use of an admissibility 
condition. We replace VD in the preaction (j3.19p with a (divergent) function, and propose 
the following modification: 

ALV)=-Et4 L-^^||l-^,.(n)|p ^'^")^Q^"("))1' ^'-''^ 
where e is a (small) number discussed in the next section, 

Ui2{n)=Ui{n)U2{n + i)Ui{n + 2)-^U2{n)-^ (3.21) 
and the squared norm of a matrix is 

P|p=tr(AU). (3.22) 
Now the new action from A^^y^^^^ becomes 



c.(2) 



2'' 



j,j^\\l-U,2{n) 



(3.23) 



Here we have written only the bosonic part and omitted the fermionic part. It is worth 
mentioning that neither V nor T) is needed any more in the action and the Q-transformation. 
What we need is only V'^ (and V ) and we assume that — i{2? {n)J-i2{n)}t.\. should go 
to the r.h.s of (j2.26l) in a continuum limit, because it is Q^. 

We further impose the admissibility condition so that the action is 

[ 00 otherwise. 

Note that 1 1 1 —U12 \ \ = 0{a'^) in a naive power counting^ Therefore in a numerical simulation 
we expect that the admissibility condition is practically always satisfied if the simulation is 
close enough to the continuum limit. 

A possible variation of the action is to include 1/(1 — —^12 IP) in A^^j^^jy^ as well. 

This makes the action more complicated but symmetric: terms from both QA^^^^^^^ and 
(2) 

QA^iji^j^^ are equally complicated. 

The measure for the path integral is invariant under the Q-transformation as well. A 
similar argument to [22 shows that 

( Yl d[Uf,in)] ) d[d{n)] d[a{n)] d[/3{n)] d[X{n)] d[i{n)] (3.25) 



This counting is too naive because ||1 — Ui2\\'^ is proportional to a divergent operator. The actual 
scahng should be 0{a^). See the analysis in the next section. 
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is the invariant measure. Here, (i[(field)(ri)] = Yin Y[a=i ^ rf(field)°(n) for the auxiliary field d 
and fermions a, l3, A, ^. The measure for complex gauge field d[Up,{n)] — Y\n requires 
some care. We use the following parameterization (we suppress the suffix and lattice 
coordinate n) 



l{ = exp{i y X^T^) 



(X^ : real, tr(r^) = 0). 
Based on a similar argument to the standard Haar measure, we define 



dU = c^J dei{gAB + 93 a) W dX' 



(3.26) 



(3.27) 



where 



gAB = tr 



1 dU fj.-iM_ 



(3.28) 



and c is a normalization constant. One can show that this measure is invariant under left- 
multiplication by a similar quantity, V — exp(i^^^-^ ^ Y^T^). Q-transformation of lA^ is 
this type of multiplication. 



U2^U2 + ieQU2 = exp(2i£/3)W2 



(3.29) 



with a grassmann parameter e, so the measure is invariant under Q-transformation. In order 
to keep the invariance of p.27p with the right-multiplication of V, we need — 1. That 
is, only multiplication of a unitary matrix keeps the right-invariance of the measure. The 
gauge transformation, which is both right- and left- multiplications of unitary matrix, keeps 
the measure invariant. Note that in Monte Carlo simulations, updating of is just a (left-) 
multiplying V as well so we do not need any measure term. 



4 Detailed analysis on the Degenerate Vacua 

In this section we give a bound for e which appears in the admissibility condition. We need 
more information on V'^ so we restrict ourselves to the following case. 



V{n)-^ ^tUi{n + 2)-^U2{n)-^ + {I - t)U2{n + Ui{ny 



(4.1) 



where < i < 1. 

First we look for solutions of {iJ-i2{n)'D[n)^^^ ^ j ~ 0, which minimize p.23p . With our 
choice of we have 



iFi2{n)V{n)-^ = l-2t + tUi2{n) - (1 - <)(Z^i2(n)) \ 
Then from the calculations given in Appendix, we obtain the following solutions: 
• t = or t = 1: the center of SU{N) 



(4.2) 



lll2 = 



[n : integer) 



(4.3) 



V 
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t 7^ and t ^ 1: 



-,ia+l3 ^ 



^^2^r i-t^-.c-0, . , ) (4.4) 



l-t^-ia-l3i 



with an integer k ^ ^ and 



N-k 



N -2k 



-TT {n : integer), e'^^ = I . (4.5) 



Setting k — N, we obtain the center of the SU{N), which is unitary. As a special case 
t = i, we also obtain = 1 thus U12 is unitary. □ 



• t — ^ and N — 4m: in addition to the above, 



c J- 2m X 2m 



with arbitrary real parameters a and l3. 
Then we look for the maximum allowed value for e^. We use the admissibility condition 

l-\]l-U,,inW<e^ (4.7) 

for all the plaquette, and all solutions listed above need to violate this condition except 
for Ui2{n) = 1 solution. Once one fixed N and t, it is a straightforward task to find the 
maximum value of but is not easy to give a general form. Here we consider only t = 0, 1 
and \ cases. 

• i = or i = 1. Substituting the center element (|4.3p to the l.h.s of ea. (|4.7p . we obtain 

I||l-Wi2(n)|p = 4sin2^. (4.8) 

Because n = is the one we want to keep, i.e., U12 = 1, in order to suppress the 
unwanted vacua we should chose 

e2<4sin2— . (4.9) 

• t = i . The solution (|4.4I) gives 

1 , A{N -2k) ^ k-2n 4k , , 

ivlli-^-(")ll -^^^^^ V^^''^ ^'-''^ 



and a special case N = 4m (|4.6p gives 

^||l-Wi2(n)||2 = 2rsinh/3-icosaJ +2-|cos"a>|. (4.11) 



* Setting t = and W12 to unitary, we obtain the same equation of motion as Sugino model I10| . The 
solutions found in 1101 covers only k = 21 = 2n case, which gives a = it. A careful analysis of the Sugino 
model, however, proves that it has more solutions and they coincide with ours 1341 . The new solutions do 
not affect to the parameter for the admissibility condition obtained in I10| . 
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Noting a symmetry under k N — k in (I4.4p . we obtain 



= 2 < 4, (fc = 0, n = 1) (4.12) 

TV = 3 e^<| (fc-1) (4.13) 

N^i <^^<^, (from eq.gH])) (4.14) 

A^>5 e2<4sin2^, (fc = 0,n = l) (4.15) 

where inside the parentheses indicates from which solution the bound for comes. 

For large N, the bound for scales as This implies we need a finer lattice for larger 

A^. We can estimate the scaling as follow. In a naive continuum limit, the action becomes 

^-^EE(^i"2W)' + ---' (4-16) 

n a 

where F12 is a dimensionful gauge curvature and sum over color and coordinate indices are 
explicitly written. This gives the scaling 

(^r2H)^-]^ (4-17) 

and thus 

-\\l-UMnW-^ J2iF,^,{n))' + ----a'X. (4.18) 

a=l 

Therefore the maximum lattice spacing should scale as 

a'X - (4.19) 
as N becomes larger to satisfy the admissibility condition. 



5 Conclusions and Discussions 

We proposed a lattice action for SU{N) M ~ (2,2) super Yang-Mills p.24p . starting with 
the CKKU model which has link fermions. Because fermions defined on the link cannot be 
su{N) algebra valued, we decompose link fermions into site fermions and link bosons. We 
kept a nilpotent fermionic Q-transformation for these field at finite lattice spacing, which is 
a scalar part in terms of the topological twist. Using a fermionic nilpotent Q-transformation, 
we defined a Q-exact action. By construction the action enjoys Q-invariance manifestly. We 
encountered the degenerate vacua of the lattice model which does not capture the correct 
continuum physics. To suppress the artifact vacua, we used an admissibility condition. In 
Table O we summarize the feature of the model. 

A potential difficulty of CKKU model is a stability of U{1) part of the scalar. In this 
paper, we removed the C/(l) part so there is no problem about the stability. However, due to 
the admissibility condition we introduced, the action became rather complicated. Removing 
the i7(l) part removed the problem with the stability of the U{1) part of the scalar. We 
still need to take care of fiat directions of the potential for the SU{N) part of the scalar, by 
using large enough A^ or a mass term, for example. 
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Sugino 


CKKU 


SU{N)-CKKV 


twist 


A- mo del 


B-model 


B-model 


fermion 


site 


link 


site 


gauge group 


U{N) or SUiN) 


U{N) only 


SU{N) 


admissibility 


needed 


no need 


needed 



Table 2: Comparisons of models. 

It is interesting to introduce matter multiplet to this model. A lattice model for 2- 
dimensional J\f = (2, 2) supersymmetric QCD in [26] has similar degenerate vacua in the 
pure gauge sector, but they are resolved thanks to effects by the matter sector. The same 
thing might apply to our model. 
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A Solution of the equation of motion 

We solve the following equation: 

= {iTi2in)V{n)'^}^ ^ = {iZ^isH - (1 - t)(Wi2H)"'} 
We parameterize U12 as 

V 



t.l. 



(A.l) 



\ 



(A.2) 



with real parameters at, Pi which satisfy J^i'^i — Si ft = 0. Denoting the diagonal com- 
ponent as 

A, = te''''+^ + (t - l)e-*"'-''' 

= (te*^' — (1 ^ 0^"'^') cos ai + i(te^' + (1 — t)e~^^) sin a.; = Si cos ai + ici sina^, (A. 3) 

we rewrite the solution of eq. (jA.ip as 

Ai = A2 = • • • = Ajv (A.4) 

which gives 



(A.5) 
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for I, 7 = 1, ... , N. Using cf ~ sf ^ 4t{l — t) and q < 2^t{l — t) sina^, we obtain 



c^±2^/t{T^sma^ = Cj ±2y%T^siiiaj. (A.6) 

This gives 

I ''i^''' . (A.7) 
I sin ai = sin aj , 

which is vahd even with t = or 1. (Note that q and eq. (lA.Sp .) Consistent sohitions 
with eq. (|A.5|) are 

= aj, Pi = (A.8) 

or 

a, = 7r-aj, e'^' = ^— ^e"''^ . (t 7^ 0, 1) (A.9) 



Suppose we set ai to 



N-k 

and thus 




(A.IO) 



A = (/3,/3,...,/3, -/3 + lniy^,...,-/3 + lniy^), (A.ll) 



where < k < N. The additional condition from ^C/ {N) gives 

AT 

' /^.- = -(N - 2^)8 + (N - k]]n- ^ 



= J2l3^ = -{N-2k)^3 + {N-k)\n- — (A.12) 

i=l 



and 

N 

2TTm = ^a, = -{N -2k)a+ {N -k)TT, (A.13) 

1=1 

where m is an integer. We finally obtain 

N -k-2m N-k 1-t 

N^2k: a = — - — - — tt, I3 = — — —In , A.14 

^ N-2k ' N-2k t ' ^ ' 

N ^2k : a,/3 are arbitrary, * = 2' ^ ^ (A. 15) 



which give eq. (|44l) - (|46l) . 

If t = or 1, only k — N is possible. The solution becomes the center of SU{N): 



a, = —n, f3, = 0. (A.16) 
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